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Abstract. We discuss the presence of a geometrical phase in the evolution of a qubit state
and its gauge structure. The time evolution operator is found to be the free energy operator,
rather than the Hamiltonian operator.
As well known, gauge theories provide important tools in the study of the dynamics of
elementary particles and condensed matter systems. The physics of many systems is indeed
described by Lagrangians which are invariant under local gauge transformation groups. The
relevance of global geometric properties and gauge invariance has been displayed also in the
quantum computing framework [1, 2, 3]. In this paper, we report recent results [4] according to
which the time evolution of a two level system, such as a qubit state, is governed by a gauge
field structure and geometric phases appear. We construct the covariant derivative operator and
show that it is related to free energy.
Let us start by considering the standard orthonormal basis of two vectors |0〉 and |1〉,
eigenvectors of the operator H = ω1|0〉〈0| + ω2|1〉〈1| with eigenvalues ω1 and ω2, respectively.
By use of a rotation operator in the plane {|0〉, |1〉} one may prepare the states
|φ〉 = α |0〉 + β |1〉 , (1)
|ψ〉 = −β |0〉 + α |1〉 . (2)
The coefficients α and β fulfill the relation |α|2 + |β|2 = 1. Then, in full generality, we may put
α = eiγ1 cos θ and β = eiγ2 sin θ. Here we assume γ1 = γ2 = 0 (in this paper, we do not consider
the initialization problem [5, 6, 7]).
Let t denote the time parameter. H plays the role of the Hamiltonian operator and the time
evolution of the states (1) and (2) is
|φ(t)〉 = e−iHt|φ(0)〉 = e−iω1t(cos θ |0〉 + e−i(ω2−ω1)t sin θ |1〉) , (3)
|ψ(t)〉 = e−iHt|ψ(0)〉 = e−iω1t(− sin θ |0〉 + e−i(ω2−ω1)t cos θ |1〉) . (4)
with 〈φ(t)|ψ(t)〉 = 0 and 〈ψ(t)|ψ(t)〉 = 1, 〈φ(t)|φ(t)〉 = 1, for all t. We note that the states |φ(t)〉
and |ψ(t)〉, for all t and ω1 6= ω2, are not eigenstates of H. From these states we have
〈φ(t)| H |φ(t)〉 = ω1 cos
2 θ + ω2 sin
2 θ = ωφφ , (5)
〈ψ(t)| H |ψ(t)〉 = ω1 sin
2 θ + ω2 cos
2 θ = ωψψ , (6)
〈ψ(t)| H |φ(t)〉 =
1
2
(ω2 − ω1) sin 2θ = ωφψ , (7)
and ωφψ = ωψφ. Notice that the matrix elements of H in these equations are time-independent.
We also have
tg2θ =
2ωφψ
δω
, (8)
where δω ≡ ωψψ−ωφφ. By using Eqs. (3) and (4), the operator H can be expressed for any t as
H = ωφφ|φ(t)〉〈φ(t)| + ωψψ|ψ(t)〉〈ψ(t)| + ωφψ(|φ(t)〉〈ψ(t)| + |ψ(t)〉〈φ(t)|) . (9)
We come now to the discussion of the Berry-like phase involved in the qubit time evolution.
The state |φ(t)〉, apart from a phase factor, reproduces the original state |φ(0)〉 after a period
T = 2pi
ω2−ω1
:
|φ(T )〉 = eiϕ|φ(0)〉 , ϕ = −
2piω1
ω2 − ω1
, (10)
where it is essential that ω1 6= ω2. One thus recognizes that such a time evolution does contain
a purely geometric part, i.e. the Berry-like phase. Indeed, we separate the geometric and
“dynamical” phases following the standard procedure [8]:
βφ = ϕ+
∫ T
0
〈φ(t)| i∂t |φ(t)〉 dt = 2pi sin
2 θ . (11)
βφ is independent from ω1 and ω2 and depends only on the “mixing angle” θ. Similarly, for the
state |ψ(t)〉 one finds βψ = 2pi cos
2 θ and thus βψ+βφ = 2pi for any θ. We can thus rewrite (10)
as
|φ(T )〉 = ei2pi sin
2 θe−iωφφT |φ(0)〉 . (12)
The meaning of Eqs. (11)-(12) can be better understood by noticing that, for any t,
〈φ(0)|φ(t)〉 = e−iω1t cos2 θ + e−iω2t sin2 θ . (13)
Thus, as an effect of the non vanishing difference ω− = ω2 − ω1 of the phases, the components
|0〉 and |1〉 evolve with different “weights” and the state |φ(t)〉 “rotates” as shown by Eq. (13).
At t = T ,
〈φ(0)|φ(T )〉 = eiϕ = eiβφe−iωφφT , (14)
i.e. |φ(T )〉 differs from |φ(0)〉 by a phase ϕ, part of which is a geometric “tilt” (the Berry-like
phase βφ) and the other part is of dynamical origin. This is similar to what happens in the
context of particle mixing (see ref. [9], which we closely follow in our presentation below). In
general, for t = T + τ , we have
〈φ(0)|φ(t)〉 = eiϕ 〈φ(0)|φ(τ)〉
= ei2pi sin
2 θe−iωφφT
(
e−iω1τ cos2 θ + e−iω2τ sin2 θ
)
. (15)
Also notice that
〈ψ(0)|φ(t)〉 =
1
2
eiϕe−iω1τ sin 2θ
(
e−i(ω2−ω1)τ − 1
)
, for t = T + τ , (16)
which is zero only at t = T . Eq. (16) expresses the fact that |φ(t)〉 “oscillates”, getting a
component of the |ψ(0)〉 state, besides getting the Berry-like phase. At t = T , |φ(t)〉 and |ψ(0)〉
are again each other orthogonal states.
Generalization to n−cycles, n = 1, 2, 3, ..., is also interesting. Eq. (11) can be rewritten for
the n−cycle case as
β
(n)
φ =
∫ nT
0
〈φ(t)| i∂t − ω1 |φ(t)〉 dt = 2pi n sin
2 θ , (17)
and Eq. (15) becomes
〈φ(0)|φ(t)〉 = einϕ 〈φ(0)|φ(τ)〉 , for t = nT + τ . (18)
Similarly, in Eq. (16) one obtains the phase einϕ instead of eiϕ. Eq. (17) shows that the Berry-
like phase acts as a “counter” of |φ(t)〉 oscillations, adding up 2pi sin2 θ to the phase of the |φ(t)〉
state after each complete oscillation. We observe that β
(n)
φ in Eq. (17) can be rewritten as
β
(n)
φ =
∫ nT
0
〈φ(t)| U−1(t) i∂t
(
U(t) |φ(t)〉
)
dt =
∫ nT
0
〈φ˜(t)| i∂t|φ˜(t)〉 dt = 2pi n sin
2 θ , (19)
with U(t) = e−if(t), where f(t) = f(0)− ω1t, with f(0) an arbitrary constant, and
|φ˜(t)〉 ≡ U(t)|φ(t)〉 = e−if(0)
(
cos θ |0〉 + e−i(ω2−ω1)t sin θ |1〉
)
. (20)
We can regard |φ(t)〉 → U(t)|φ(t)〉 = |φ˜(t)〉 as a local (in time) gauge transformation of the
state |φ(t)〉. In contrast with the state |φ(t)〉, the gauge transformed state |φ˜(t)〉 is not “tilted”
in its time evolution:
〈φ˜(0)|φ˜(t)〉 = 〈φ˜(0)|φ˜(τ)〉 , for t = nT + τ , (21)
which has to be compared with Eq. (18). From Eq. (20) we see that time evolution only affects
the |1〉 component of the state |φ˜(t)〉. The gauge transformation acts as a “filter” freezing out
time evolution of the |0〉 state component, so that we have
i∂t|φ˜(t)〉 = (ω2 − ω1)e
−if(0)e−i(ω2−ω1)t sin θ|1〉
= (H − ω1)e
−if(0)
(
cos θ |0〉 + e−i(ω2−ω1)t sin θ |1〉
)
= (H − ω1)|φ˜(t)〉 , (22)
namely
− i(∂t + iH)|φ˜(t)〉 = ω1|φ˜(t)〉 . (23)
Eq. (19) actually provides an alternative way for defining the Berry-like phase [8], which
makes use of the state |φ˜(t)〉 given in Eq. (20). Eq. (19) directly gives us the geometric phase
because the quantity i〈φ˜(t)|(i∂t|φ˜(t)〉 dt) is the overlap of |φ˜(t)〉 with its “parallel transported”
(i∂t|φ˜(t)〉 dt) at t+ dt.
Another geometric invariant is the Anandan–Aharonov phase [10], defined as s = 2
∫
∆ω(t)dt.
It has the advantage to be well defined also for systems with non-cyclic evolution. Since
∆ω = ωψφ, we have
sn = 2
∫ nT
0
ωψφ dt = 2pi n sin 2θ . (24)
Such an invariant represents the distance between qubit evolution states, as measured by the
Fubini–Study metric, in the projective Hilbert space P [4] (see also ref. [11]).
We now show the gauge structure underlying the time evolution of two level systems. The
motion equations for the |φ(t)〉 and |ψ(t)〉 are computed by using the operator H in Eq.(9)
written in terms of time dependent states. We have H|φ(t)〉 = ωφφ |φ(t)〉 + ωφψ |ψ(t)〉 and
H|ψ(t)〉 = ωψψ |ψ(t)〉 + ωφψ |φ(t)〉. Thus, in compact form, we have
i ∂t |ζ(t)〉 = ωd |ζ(t)〉 + ωφψ σ1 |ζ(t)〉 , (25)
where |ζ(t)〉 = (|φ(t)〉 , |ψ(t)〉)T and ωd = diag(ωφφ, ωψψ). We use the notation g ≡ tan 2θ and
ωφψ =
1
2g δω from Eq. (8) and we set A0 = A
(1)
0 σ1 ≡
1
2 δω σ1. The covariant derivative is
defined by the following relation
Dt = ∂t + i ωφψ σ1 = ∂t + i g A
(1)
0 σ1 (26)
where g behaves as a coupling constant and A0 represents the gauge operator field. The motion
equation (25) can be then expressed as
iDt |ζ(t)〉 = ωd |ζ(t)〉 . (27)
We point out that under the following transformations
D′t = ∂t + i g (A
(1)
0 σ1 + ∂t λ(t)σ1) , (28)
|ζ ′(t)〉 = e−ig λ(t) σ1 |ζ(t)〉 , (29)
Eq.(27) becomes
iD′t |ζ
′(t)〉 = ωd |ζ
′(t)〉 . (30)
Thus defining U(t) ≡ e−ig λ(t) σ1 , we have
U(t) (iDt |ζ(t)〉) = iD
′
t U(t) |ζ(t)〉 (31)
g A
(1)
0
′
σ1 = U(t) g A
(1)
0 σ1 U
−1(t) + i (∂t U(t))U
−1(t) , (32)
as it should be indeed for a gauge field transformation (see also ref. [12] where neutrino mixing
is studied). The constant A0 is the only non-vanishing component of Aµ, this implies that
the strength field Fµν is identically zero. This is a feature which, for example, occurs when
the gauge potential is a pure gauge (with non-singular gauge functions). A typical case (with
non-integrable phase conditions) is the one of the Aharonov–Bohm effect [13].
We now express Eqs. (25) as
(H − ωφψ σ1) |ζ(t)〉 = ωd |ζ(t)〉 , (33)
and introduce the operator F so that
F = H − ωφψ σ1 . (34)
Such an operator may be considered as the free energy operator provided that the term ωφψ σ1
is identified with the entropy term TS in the traditional free energy expression. In such a case
we may put the “temperature” T = g and the entropy S = A0 =
1
2 δω σ1. The entropy term
TS, in terms of the time dependent states, is written as
TS = ωφψ(|φ(t)〉〈ψ(t)| + |ψ(t)〉〈φ(t)|) . (35)
Moreover, we note that the geometric invariant s defined in Eq. (24) is related to the entropy
term; indeed we have
∫ nT
0
〈ζ(t)|TSσ1|ζ(t)〉 dt =
∫ nT
0
〈ζ(t)|g A
(1)
0 |ζ(t)〉 dt = 2
∫ nT
0
ωφψ dt = sn. (36)
Thus, the relation between TS and the variance of the energy ∆ω = ωφψ is induced by the non
diagonal elements of H.
In conclusion, we have shown the presence of geometric phases in the evolution of a two level
system and studied its gauge structure. We have computed the covariant derivative and pointed
out that it acts as the free energy with the gauge field acting as the entropy. In such a picture
time evolution is thus controlled by the free energy. When applied to a qubit state, these results
may be of interest in quantum computing studies.
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